We study the intriguing analogy between gravitational dynamics of the horizon and thermodynamics for the case of nonstationary radiating spherically symmetric black holes both in four dimensions and higher dimensions. By defining all kinematical parameters of nonstationary radiating black holes in terms of null vectors, we demonstrate that it is possible to interpret the Einstein field equations near the apparent horizon in the form of a thermodynamical identity T dS = dE + P dV .
I. INTRODUCTION
The derivation of the thermodynamic laws of black holes from the classical Einstein field equations suggests a deep connection between gravitation and thermodynamics [1] . For general static spherically symmetric and stationary axisymmetric spacetimes, it was shown that the Einstein field equations at the horizon give rise to the first law of thermodynamics [2] [3] [4] [5] . We start with a brief review on the construction of the first law of thermodynamics for the static spherically symmetric black hole solution (see [2, 5] , for details), which is described by the metric
where dΩ 2 = dθ 2 + sin 2 θdφ 2 . Assuming that f (r) has a horizon at r = r H , i.e., f (r H ) = 0 and that f ′ (r H ) is finite, then the nonvanishing surface gravity is given by
where prime denotes ∂/∂(r H ). The horizon has an associated temperature T = κ/2π = f ′ (r H )/4π where κ is defined in (2). The energy momentum tensor on the horizon has the form,
The (r, r) component of the Einstein field equations [6] for the metric (1), leads to where P = T r r is the radial pressure. Evaluating (4) at r = r H , yields at the apparent horizon [9] . The connection between the first law of thermodynamics and the Friedmann equation at the apparent horizon was also found for gravity with Gauss-Bonnet term as well as in the Lovelock theory of gravity [10] . This thermodynamical analogy has been demonstrated for various cases [2] [3] [4] [5] [6] [7] [8] [9] 11] including the BTZ black hole [12] [13] [14] .
It would be interesting to further consider the generalization of these analyses for the radiating black holes to confirm whether the thermodynamic interpretation of gravity is generic or just an artifact of static solutions. It is the purpose of this paper to obtain, at the apparent horizon, a thermodynamical identity from the Einstein field equations for the case of nonstationary radiating black holes which have dynamical horizons. In particular, we consider the case of radiating black holes, in 3 + 1 and N +1 dimensions, for which we demonstrate that the Einstein field equations near the horizon can be written in the form of a thermodynamical identity.
II. RADIATING BLACK HOLES IN 3+1 DIMENSIONS
We shall confine our attention to spherical radiating black holes, for example, the Vaidya radiating black hole [15] (see, [16, 17] for a review on Vaidya black hole). The Vaidya radiating metric [15] is today commonly used for two purposes: (i) as a testing ground for various formulations of the cosmic censorship conjecture, and, (ii) as an exterior solution in modeling stellar objects consisting of a heat-conducting interior. It has also proved to be useful in the study of Hawking radiation, the process of black hole evaporation [18] , and in the stochastic gravity program [19] .
The general spherically symmetric black hole emitting energy into empty space (or radiating black hole) can be described by a metric [17, 20, 21] 
where 0 ≤ r ≤ ∞ is the radial coordinate, −∞ ≤ v ≤ ∞ is advanced time coordinate (v ∼ = t+r), 0 ≤ θ ≤ 2π is the angular coordinate and A(v, r) is an arbitrary function. Note that (∂/∂r) is a null vector. It is useful to introduce local mass m(v, r) [20] [21] [22] by
For m(v, r) = m(v) and A = 1 the metric (11) reduces to the Vaidya metric [15] which describes a radiating black hole. Initially, m(v, r) = M = const.> 0 yields the vacuum Schwarzschild solution in advanced time coordinates. In this case, ∂/∂v is a Killing vector which is timelike, null or space-like depending on r > 2M , r = 2M or r < 2M , respectively. The null surface r = 2M is the event horizon which is also the apparent horizon and time-like limit surface (TLS) for the Schwarzschild black hole. The Einstein field equations are
with T ab as the energy-momentum tensor of a null fluid [16, 17, 23 ]
and ψ is the nonzero energy density of the null fluid. The null vectors β a and l a are defined by
The part of the energy-momentum tensor, ψβ a β a , can be considered as the component of the matter field that moves along the hypersurface v = const. [16, 23] . The field equations obtained using the above equation are [17]
It is the field equation G v r = 0 that leads to A(v, r) = g(v). However, by introducing another null coordinate v = g(v)dv, we can always set, without the loss of generality, A(v, r) = 1 [17] so that the spherically symmetric spacetime (11) becomes
The Einstein field equations are given by Eq. (13) . From the (r, v) component of the field equations, i.e., Eq. (16a), we obtain the energy density of null fluid [16, 17] as
A. Horizon structure and deriving the thermodynamical identity
The mass of the black hole is denoted by M (v) and is defined as the value of m(v, r) such that g vv = 0 [24] . One can define the TLS as the locus where g(∂ v , ∂ v ) = g vv = 0 with ∂/∂v being a timelike vector. We shall see that the apparent horizon coincides with the TLS. The apparent horizon is the outermost maximally trapped surface for outgoing photons.
In order to discuss the thermodynamical nature of a 3 + 1 radiating black hole, we introduce its kinematical parameters. We assume v =const. to be an in-going null surface with future-directed null tangent vector β a . We define future-directed null geodesics by a tangent vector l a such that
The metric v = const. will be two-dimensional, say γ ab and let the spacetime metric be g ab . Following York [24] a null-vector decomposition of the metric (11) is made of the form
where,
The horizon structure is examined using null vectors β a and l a with vanishing angular components and normalization β a l a = −1. For an outgoing null geodesic near r = r T LS one has
Differentiating (22) with respect to v, near r = r T LS , we obtain
At TLS one has dr/dv = 0 and therefore d 2 r/dv 2 ≥ 0 for ∂f /∂v > 0, which is also required for ψ(v, r) > 0. Hence, photons will escape from r = r T LS and reach arbitrarily large distances. Therefore, this surface is not an event horizon but it is an apparent horizon. The optical behavior of null geodesic congruence is governed by the Raychaudhuri equation
with expansion Θ, twist ω, shear σ, and surface gravity κ. The expansion rate Θ of the null geodesic congruence is then given by
It then follows that
and clearly in flat spacetime Θ vanishes. We rewrite (26) as
where ∇ denotes the covariant derivative and κ is the surface gravity expressed as:
Here we consider spherically symmetric, irrotational spacetimes which are vorticity-free and shear-free and hence the structure and dynamics of the apparent horizon is only dependent on Θ. We note that the apparent horizon must satisfy the requirement Θ ≃ 0 to order of O(L), where L = −∂m/∂v < 1 is measured in the region where d/dv is time-like [24] . The expansion of the null rays parameterized by v is obtained by using Eq. (27) . The expansion Θ is given by
Recall at TLS we also have
thus the apparent horizon and TLS coincide. Evaluating the surface gravity using Eq. (28), and substituting the condition of the horizon leads to
The surface gravity is related to Hawking temperature of black hole via T = κ/2π [24] , which leads to
Thus we have defined all kinematical parameters to discuss thermodynamics. Next, we turn our attention to obtain a thermodynamical identity from the Einstein field equations for a radiating spherically symmetric spacetime. Henceforth, we mainly follow the approach of Kothawala et al. [6] . The field equations for the metric (17) are evaluated using Eq. (13), and it is found that the components G 
Note that at the apparent horizon, the expansion Θ = 0, which implies f (v, r H ) = 0. Therefore at r = r H we get 
which can be recast as
